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LTI Systems

x[n] = yi[n] = 2, axxi[n] - X ay yi[n]

* If we can find a set of “basic” signals, such that

= arich class of signals can be represented as linear
combinations of these basic (building block) signals.

= the response of LTI Systems to these basic signals are both
simple and insightful

 Candidate sets of “basic” signals
= Unit impulse function and its delays: §(t)/d[n]
= Complex exponential/sinusoid signals: eSt, e/@t/z" e/ @™
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Fourier Series of CT Periodic Signals

e Recall a periodic CT signal x(t)
= with fundamental period T, and
= fundamental frequency wy = 2 /T

e Fourier series represent x(t) in terms of harmonically
related complex exponentials

= Synthesis equation

0.0) (00)

x(t): z akejkwot: z akejk(ZTI/T)t

k=—o0 k=—o0

= Analysis equation

1 . 1 .
ay = zj(t)e‘fk“)ot dt = ?jx(t)e‘fk(Z”/T)t dt
T T
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Motivating Example: Periodic Square Wave

: L bl <
In one period, x;(t) = {0’ T, < |t| < T/2
1x(t)
| | | | | | .
2T ~T _% ~T, T, % T 2T t
 Fourier coefficients
1 Iy 2T1 1 I } ZSin(k(l)()Tl)
=—| 1dt=—, == —Jkwol gt = k#0
T Tf_T e KT TJ_T ° kaogT
1 1
* Freguency component at w, = kw, satisfies T
quency comp e = Hdo AN
o — 2 sin(wTy) Z(jw )= *C\)
—k
= - w=,@

Ta,; thought as sampled value of envelope X(jw) £ 2sin(wT;)/w at wy, = kw,
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Motivating Example: Periodic Square Wave

* X(Jwy) 2 2sin(w,T;)/wy for fixed T; and increasing T

_ p2n
wk—kT

e Observation: as T =co; discrete frequencies sampled more densely
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Motivating Example: Periodic Square Wave

e AST — oo, xp(t) » x(t) 2 u (t + %) —u(t — %), a rectangular impulse

(0.0]

. 1 < |
xr(t) = Z az el @ot == Z X(kwy)elF@ot

k=—c0 k=—0o0 .
X(jw)e!!

1 < |
- E X (ikwa)eik@ot
o (] wo)e Wo

Area = X(jkw)e"“0! o,
k=—o0 /
X(jkewg)e®@ot L —— ———

[F—

(kK + 1)wg

1 ® .
= i t)=—| X(w)e/*'d
Jim xr(0) = 3 | XGw)eltdo

k(l;)u w

* Thus

1 ® .
x(t) = %J X(w)e!tdw
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Motivating Example: Periodic Square Wave

e Forenvelope X(jw)

X(Jwg) =Tag
T

2 .
= J X7 (t)e Jkwtde

_T
(2
J_

= Jr x(t)e J@ktdt

2
Tx(t)e_f‘"ktdt
2

e Thus
X(jw) =f x(t)e J@tdt
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Motivating Example: Periodic Square Wave

p x(1)
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CT Fourier Transform of Aperiodic Signal x(t)

e General strategy
approximate x(t) by a periodic signal x;(t) with infinite period T

A x(t)
T, 0 T, ]
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CT Fourier Transform of Aperiodic Signal x(t)

» Step 1: for aperiodic signal x(t) with sup x(t) c [-T;, T;]
construct a periodic signal x;(t), for which one period is x(t)

xp () kZoox(t kT)
= Then
x(t) = xp(t),V|t]| <T/2
(@ fxa®
| | ¥ | .
-T  —3=T 0 T T
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CT Fourier Transform of Aperiodic Signal x(t)

e Step 2: determine the Fourier series representation for x,(t)
= Fourier series coefficients

T/2 [es)
ax = —J xp(t)e Jkwotqt = lj x(t)e Tk@ot gt
k T
r -T/2 T —00

= Define the envelope of Ta,
X(jw) = J x(t)e J@tdt

= Then
- | 1 . 1 - |
xr(t) = Z az e’ @t == Z X(kwy)elkwot == Z X(kwy)elk@oty,
k=—o0 k=—o0 T[k=—oo
()@
. | |
| 1 E E 1 1 .
—T ~Io1 0 Ty = T
21 __ —_____1 )



> 12
B SENS:

SHANGHAI JIAO TONG UNIVERSITY I

CT Fourier Transform of Aperiodic Signal x(t)

e Step 3: approximate x(t) with x;(t) by increasing T — oo

© AST = 00 = wy = 0,x7(t) = x(t), wy = dw, Y, = [

1 — |
_Z__; xT(t) =E X(]ka)o)e]kwo P
k=—o0
U
F_%,_x(,-_t) = lim x7(t) = lim i i X(jka) )ejkwotw :i Oox(]'w)ejwtdw
T—oo T 27.[ 0 ;_—___0 2T »
T g (0. .:jth
o tme AQu)= R0
('\/‘ H (\\/‘ g (\/‘ .
T -Erh 0 hi T
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CT Fourier Transform Pair

 Fourier transform (analysis equation)

—> @= ?@} =J x(t)e I@tdt

0.0)
— 00

where X (jw) called spectrum of x(t)

 lnverse Fourier transform (synthesis equation)

| 20 =G0 = RGw)e

Superposition of complex exponentials at continuum of frequencies,
frequency component e/t has “amplitude” of X(jw)dw /27
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CT Fourier Series of Periodic Signal x(t)

» Fourier Transform of a finite duration signal x(t) that is
equal to x;(t) over one period, e.g.,fort, <t <ty + T

X(jw) = F{x()} = Joox(t)e‘jwtdt

* Fourier coefficients of periodic signal x;(t) with period T

1 t0+T ] 1 t0+T ]
Ay = —f xr(t)e Jk@otdt = —j x(t)e Jkwolqt
T o T ¢

0

= ljoox(t)e‘j’“‘)o’:dt = lX(]'a))
T) T

w=kwg
= proportional to samples of the Fourier transform of
x(t), i.e., one period of x;(t)
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Convergence of Fourier Transform

e Suppose from x(t), we have

X(jw) = foox(t)e_j“’tdt

* Let X(t) be the Fourier transform representation of x(t),
obtained using the synthesis equation

1 (® .
x(t) = %f X(w)e!tdw

e Question: when can x(t) be a valid representation of the original
signal x(t)?
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Finite Energy Condition——

* One useful notion for engineers: N\
° NO energy in approximation error XH)= X[ ) V‘(/,

1 % .
_e_(f_) 2 x(t) —x(t) = x(t) — %J X(w)e!* dw

N
and le(t)|?dt = o(t) = xH)- % (€)
— o1 =0, v
—= Finite energy condition gsquare w?/(grable)

j x(6)12dt <0 =) /((] W) <oo

——

= Note: does not guarantee x(t) equal to its Fourier representation
at any time t, but guarantees no energy in approximation error
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Dirichlet Conditions=—

/\ -
X(£) crx e ) , Uxapl A scont 1w 45
e Condition 1.
—=s x(t) isabsolutely integrable, i.e.,

foo|x(t)|dt < 00

- Condition 2. XTIt/
= Within any finite interval, x(t) has a finite number of maxima
and minima

e Condition 3.

—= Within any finite interval, x(t) has only a finite number of
discontinuities with finite values

::.'7 = absolutely integrable signals that are continuous or with a
finite number of discontinuities have Fourier transforms
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Example: Right-sided Decaying Exponential
x(1)

-@,a>0is@@ 1 _
~ — T A 1 - - == <

X(w) =j x(t)e‘j“)tdt=L e~ dtemI0t gt 0 1/a 1
== — oo X (jw)]
— 1 e—(a+ja))t — 1
a+jw o 4 + jw
1 (A7 0 )
IX(w)| = m,argX(jw) = —arctana

e Observation:
= Magnitude spectrum: even symmetry .

= Phase spectrum: odd symm oo '> ‘a
Eg?j(/\j) _E.(._]'W El f w
* Note: also works for lexa with Re{fa} >0 ---------{- oo
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rOO
— e—|a|te—]wtdt

Jow o ——
° “
= eate‘j“)tdt+j e e i0tdt F—
J—oo Q S (A>O
0 00
1 ela—jw)t _ 1 —(a+jw)t
a—jw —— | at+jwo T |
1 1 2a
=——+——= rea
a—jw a+jo a®+ w?

 Note: also works for complex a with Re{a} > 0
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Example: Rectangular Pulse

e x(t) =u(t+Ty) —u(t—Ty) W X(7)

e Fourier transform
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Example: Ideal Lowpass Filter

 Frequency response JH(jw)
H(jw) =u(w+ w;) —u(w — w,) I
e Impulse response —w, we W
1 (¥ . sin(w.t) w Wt
h(t) = — ]wtd = ¢ — € i (_C)
© 21 j_w o Tt o\ p h(1)
° AS a-)C — 0, _ rﬁu/\é/&-—h
= Time domain 0 {

* h(t) - §(t), becomes identity system
= Frequency domain
- H(jw) — 1, passes all frequencies
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v x1(2)
|
~T 0 T "t
x2(1) .
! 2 X (jw)
W F 1

ET

0 I -Wo W

22



e 23
YAXAAY

SHANGHAI JIAO TONG UNIVERSITY I

Examples

 Unitimpulse
x(t) = 5(t)

X(jw) = j+005(t)e_j“’tdt =1

1 . _ 1 (@ . ~ sin(w,t)
x(t) = —j e/dw = lim — e/Pdw = lim ———= = §(t)

21 J_ o, w0 21 )_ we—oo Tt

6(t) has “white” spectrum, equal amount of all frequencies!
« DC Signal
x(t) =1
o [ sin(wT
X(jw) = lim e J9dt = lim an = 216 (w)
T1—00 ~Ty T1—00 T

1 (® : 1 r°° .
= — ] Jwt = — Jwt =
x(t) > _[_ooX(]a))e dw o | 2nd(w)e!dw =1

Spectrum of DC signal is impulse at zero frequency!

— 00
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Fourier Transform of Periodic Signals

- A periodic signal x(t) with fundamental frequency w, =
2 /T has a Fourier series representation

e Question then becomes
F{elkwoty =7
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Fourier Transform of Periodic Signals

e Using the basic Fourier transform pair

. F
el Yot 215 (w — wy)

- F{e/®} = lim | Tile‘f(‘”‘wo)tdt = lim {Znsm[(‘”_‘”")m}

T — T{— n(w-—wg)

= 2mo (w — wy)

o F 216 (w — wg)} = %ffooo 216 (w — wo)e/“tdw = e/ @ot

* Thus, the Fourier transform of periodic signal x(t) is

(0.0]

X(w) = Fx®}= ) @ Ffeloor)

k=—oo

= Z 2mad(w — kwg)
k=—oc0
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Fourier Transform of Periodic Signals

« A periodic signal x(t) with fundamental frequency w, = 2m/T

e Fourier series

m "
x(t) = z a elk@ot
k=—o0

T

ay = ljz x(t)e Jkwotdt
k T

T

e Fourier transform

(0.0)
x(t)<i>X(ja)) = z 2rad(w — kwgy)
k=—0o0
= Spectrum of periodic signal consists of a impulse train occurring
at harmonically related frequencies!

= Areas of impulses are 2 times Fourier series coefficients
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Example: Cosine and Sine

= a=1la_1=1,a,=0, k++1

27

= X.(Jw) =[d(w — wy) + 6 (w + wy)]

: 1 1
e xs(t) = sin(wyt) = Z_je]wot _ 2_je jwot

1 1
:>a1=2—j,a_1 = —Z—j,ak =0, k#+1

= X.(jw) = ?6((» — wy) —?5((0 + wyp)
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pX(7)
| | | | | | .
2T -T _I-TTy I T 2Tt
1 Ty 2T1 1 Ty . ZSin(k(U()Tl)
=—| 1dt=—, =— ~Jkwot gt = Jk#0
sy It o T ool

(0 0] % . (00] .
X(jw) = z @2 51n(kaT1) ) = Z 2sin(kwyTy) 5w — kawy)
k

. k)"&@ S(w—k -

=—00

e

w)
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Example: Periodic Impulse Train

© X(t) = Lk=-00 6(t — kT)

T 00
12 . 1 2T 2T
= A= ?ij(t)e"Jk“)Otdt =T - X(]a)) = z ?5((1)—1{?)

k=—o0

4T 3T 2T -T 0 T 2T 3T AT t
X(jw)
2m
I N A N N O
-
_8r  _6r _4r _2r () 2r  4r 6 8x W
T T T T T T T T
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Properties of CT Fourier Transform

F F
x(t)e—X(jw) yt)e—Y(w)

e Linearity

2] S B ) - B ()

e Time shifting

Fo.
x(t — ty)e—e /X (jw)

 Frequency shifting

. F
e/ @0t (1) X (j(w — wo))

30
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Transmitter: x(t) x(1)
Receiver: y(t) = agx(t) + a,x(t @) —

= (ap + e " a))X(jw)

e Y(jw) = aOX(ja)).+aJX§ l'w)%i) T,
l

’__L___ — , 4 [ X(jw))
° LetX(t)quGH)—TJOT A/\/\._
. 0 = d

o Zsm(a)T) |Y(J“*‘)|

Y(jw) = (ag + e 7®%a,)

- Whenaqy =a, =1 /

. 2 sin(wT
V(i) = 47 cos(wr/2) 0

™ o
had T T
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Example: Modulation 0
-T T FI
Baseband signal: x(t) _
Modulated signal: y(t) = x(t) cos(w,t) p X ()

BIOEEHOICERETRED

¥ (0) = 3 X(i(@ ~ 00 + 5 XG0+ 0)

e Letx(t) =u(t+T)—ult—-T)
Y(jw) = sin(i)a)_—a(;)c)T) N sin(i()u:a(;)c)T)

Y(jw)
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Properties of CT Fourier Transform

e Time reversal

:7:'
x(—t)e—X(—jw)

e Conjugation

7
x* () e—X"(—jw)

Proof: Flx' ()} = [ 7 x* (e otdt = [[*Z x()e/tdt] = X" (—jw)

e Conjugate Symmetry
= x(t) real = X(—jw) = X*(jw)
= x(t) even & X(jw) even, x(t) odd < X(jw) odd
= x(t) real and even & X (jw) real and even
= x(t) real and odd < X (jw) purely imaginary and odd
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Even-Odd Decomposition

T
e Forareal signal: x(t) «— X(jw)

xo(t) = 5 [x(0) + x(~0)] > Re(X (jo)}

1
%(6) = 5 [x() = x(=O)]— j - Im{X(je)}

* Proof:
= Since x(t) is real, then X(jw) is conjugate symmetric

1
Flxo(0)) = 5 [X(0) + X(~j) ] = 5 [X(0) + X ()] = Re{X(jw))

1
Flxo (0} = 5 [X(w) ~ X(~j0) ] = 5 [X () — X* ()] = ] - Im{X(jo)}
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Example

35

Fora>0,|et@

—at >

x(t) = ’ ch{
(t) —eat <0 °

e Since x(t) = y(t) — y(—t)
X(jw) = Y(jo)=T(—jw)
1 3

~——

—2jw

:a+ja)_a—ja)_a2+a)2
N
e x(t) real and odd = X(jw) purely imaginary and odd
N~——————— ~——————
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x@&ﬁx(%),a¢o G

e Proof: change variableshy 1 = at

= Fora >0, %-—1
+00 @ A (oo W T
J x(at)e /tdt :f x(T)e_]ETd(E) VX ()

o Rera<0,
T . - —jgr T 1 J
j x(at)e I@°tdt =J x(7)e 'a d(a) = - —X)
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Time and Freguency Scaling

F _ F 1 Jjw
x(t)—X(w) x(at)<—>|a| X( ) a+0

compression in time < stretching in frequency
stretching in time < compression in frequency

 Example: faster playback an audio clip = higher pitch
1/w\2 _
x(t) = e‘(at)z <L>X(I'(U) = £T|[e_1(%) y X(jw)

a
Jl.x(r)
—a=1/2
— a=1

—_a=2

N

I w
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Exercise

 Problem: If we have the Fourier transform pair
x(t) & X(jw),

determine the Fourier transform for the signal x(at + b).

e ANswer:
1 '  .wb
F{x(at + b)} = X(] el @
la| “a
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Differentiation

F F
X O—faxGo), PO () X(o)
- Proof: differentiate both sides of FT synthesis equation 1 W

1 [ : 1 ® :
— ; jwt / — wX (i jwt
x(t) = - j X(jweldo = x'(t) = ] X (o)l dw

=2 =00 }\H) - E J(_t)
« Example: differentiator y(t) = x'(t), with frequency response

H(jw) = F{8'(t)} = j +Oo5’(t)e‘j‘“tdt

Z(an )

. - 400 . “|H(]w)|
AU, | 0e =l
> Y(jw) = X(jw)H(jw) ;o xe
- amplifies high frequencies X (t) = —ﬁ'
uppre fr i '\'d(c'r’x':@_)’ 0
=

- PC completely eliminated, cannoLbeM[etePﬁ%eeveFed—f-m x'(t)
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Integration

40

t
y(t) = f (1) dT ——Y (jo) =jiwxgw) rX(0)5 ()

e

e Since x(t) = y'(t), by

—

differentiation property

X(jw) =jowY(jw) = Y(w) =jin(]'a)), Yo # 0

= hm—

 Intuitively, y(t) has aDCca
(5 (t)at/_az? — J J x(D)u(t — Dz dt

—oo 2T

-0 2T
_ " | deld _1 ” d 1XO
_j_ x(T) 1m%—Tf u(t —1) t] T—ZJ X(T)T—_ (0)

\/\/\/\-«%WL

° Therefmce atmg,_ﬂ,_y
D¢

/@—72

0 ——

() hag  component 298(w) = TX (W5 (w)



. | 41
X FEXAALY

SHANGHAI JIAO TONG UNIVERSITY I

Integration ysen(l)
1
e Sign function: 9, g
sn(t)—{l’ t>0<i>i —1
ST, t<0” Tw
pu(?)
e Constant function: % ........ L P
F >
1 e—2nf(w) _ l
y [U(w)
e Unit step function:
_sgn(t)+1/:F\ .1 4
e Integrator: O o

t
y(t) = j_ x(t)dt = x(t) * u(t) <i> Yjw)=X{w)U(jw) = jin(ja)) + 1X(0)6(w)
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Example: Triangular Pulse

~
e Sign function: 5({)&‘? |
2|t] T
xw =117 =3
0, otherwise

42

- '

_ r t
T 2

117121/
2

| .
2

-
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Calculation of X(0)

e Method 1:
X(0) = X(ja))‘wz

e Method 2:
+ 00
X(0) =] x(t)dt

0 - Wt
= Z(};QWJ}W_O‘_‘ J—ooq((t)éj JT/WO

oIt
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Example: sgn(t) Function

* In terms of exponential function
in the limit (a >0) A—~ ©

_(e7* t>0 /w
x(®) = {—eat (<0 Al ] w2 0+’
sgn(t) = lim x (t)

sgn(t)<—> th(/a)) i
N —

e In terms of unit step functions
sgn(t) = u(t) —u(—t)

sgn(t)<i>[n8(ag + % b ] =
o <,
S~ —

44




Example: sgn(t) Function

 Exploiting integration property
sgn(t) = 2u(t) — 1 2 x(t)
sgn'(t) = 26(t) 2 x.(t)

2 (£) = 26() — X, (jw) = 2

t
sgn(t) = x(t) = x(—0) +j x1(t)dt

X1(jw)

= F{sgn(t)} = X(w) = 2nx(—0)d(w) +

2 (=1) - () + — + 7 - 26(w) = —
Jw

45

+ X, (0)8(w)

Jw



= 46
YAXAAY

SHANGHAI JIAO TONG UNIVERSITY I

Duality

« Both time and frequency functions are continuous and aperiodic
In general, identical form except for

= different signs in exponent of complex exponential
= constant factor 1/2n

0.0)

x(t) = %fooX(jw)ej‘”t dw <i>X(ja)) = J x(t)e It dt

— 00

e Suppose two functions are related by

(0.0]

Fr) = j g(me i dr

o Lett=t,andr = w, = g(t);f(w)

j:'
o Lett = —w,andr =t,= f(t)e—2ng(—w)

e Duality: x(t)<i>X(jw) = X(t)<i>2nx(—ja))
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Duality

F 2sin(aw
u(t+a)—u(t—a) «— (aw)

w
2sin(at) F

> 2n[u(w + a) — u(w — a)] X (jw)

t
uxl(t)
1
T 0 T :I
y 2(7) _
k nX3(]w)
w T F |
VANV
- ~ 7 = ~ =t “Wo W ZJ
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Duality X)X (w) & X(B)e2mx(—jw)

Example: x(t) = %

e Known

. Byduality

= switch LHS and RHS, switch w and t
= substitute w - —w or t - —t (but not both)
= multiply RHS by 27 )

) A sy L

'Z{\ ~~ AT

1 F ,
— sgn(w)

F 2
—> sgn(t) e——

JW

48
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Duality (DX () S X(B)—2mx(—jw)

1
1+t2

Example: x(t) =

e Known

— > 2

1+ w?
 Bylduality
° SWI LHS and RHS, switch w and t

s substitute w - —w or t - —t (but not both)
= multiply RHS by 27
I

:7:'
—2m - el

—

L2 /
{ 1+2L&t Z

By linearity

49
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Duality A )= W Z,()'w)
—{=> Differentiation in frequency
F dX(]a)) F dX(jw)

j —jtx(t) «— tx(t)«

I
 Proof:
—Bx(]'w)=f x(t)e J@t gt @ f (Me jot g¢

 Example: Unit ramp function u_,(t) = l u(r)dr = tu(t)
dU(jw) 1

Flu_p (O} = jFi=jtu(®)} = j— _w)
—% Integration in frequency X10)=0 — ,KH(”X(VUDM
;%:.’f(t) Fa@s® o [ xan |-
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Example
:7:'
e Problem: x(t) = te ?tu(t)—?
e Solution:
-2t P F N 1
e U)o

te 2tu(t)« d >j 1 L
— S dw \R + ] (2 + jw)?

- Exercise: x(t) = te *tu(t—=1) <7

o1
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52

Exercise
» Determine x(t) according to X(jw)
X(jw) () <> r X'(jo)
/1\ ___\_F> 1/wq
—W1 W1 ] —w1 w1 ]
-1/w4

* Hints: exploit integration property in frequency domain

F 1(+ x1(t)
x1(t)—X"(jw) :&Q—i . + tx,1(0)6(t)

where x1(0) = [X'(jw) dw @

_-_-__--'-'-'—-
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Parseval's Relation

j:'
e For a Fourier transform paErlx(t) —> X(jw)

¥
- |x<t>|2dt=@ XG)Pdo = [ IXG@) G

\._...-—-"'_"'-—-"":__-= e e

* Note: w is angular frequency and f = w/2m is frequency

. Interpretation: Energy conservation

. power, or_energy per unit time (in second)
o | X(jw)|?: energy per unit frequency (in Hertz), ¢ Iled energy-

density spectrum

53
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Parseval's Relation

T
e For a Fourier transform pair x(t) «— X(jw)

| roRa=5- [ wGoldo= | xGoPs?

j:l,f_g_tﬂz dt = joox(t) f_oo x(t) [ifoo&-w) oiot g | d

= x(t) [27Tf X*(jw) e 1®tdw| dt

:%f_mx (j) [Wdt] Y

=— | Xx* (]w)%—j 1X(jw)|? dw

— 00
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Parseval's Relation

7 4
-
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95

—=¢ Example: determine the following time domain expressions:

E :_[ |x(t)|2dt;andD = x'(t)|t=0

e Solution:
& E= j
1

g

x(t)|?dt

—

y

 X(Jw)
L VT

Vi/2 )

r |X(/a))|2 dw O@

g(t) = x'<t><i>a(fw) = jwX (jw)

/x(t

t=0

/7

20 )

v/

//

1

<o>—;ﬂj G(Jw)dw——f\lumm) do £0)
Mo =

v
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Parseval's Relation

« Example:
sin(Wt)
mt

>u(w + W) —u(w —W)

By Parseval’s relation

00 :..2
S f sin“(W't) it 1

[~ lu(w + W) —u(w — W) |? dw
© _—

T2t2 zgj_
N— —— —
1 "
= — ldw
2m)
_W
R

\‘-——_—'—l——
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Example
e Use Fourier transform of typical signals and_Fourier

transform properties to determine the Fourier transform

of the followingsignal——

T x(t)

2

—>

v
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v

e Solution 1:
x(t) =2g9,(t) +u(—t—2) +u(t—2)

ANV -2

= g.(t) 1s the rectangular pulse with width of t and unit magnitude
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Example 0
2
1
2 -1 1 2 ”
T~
g(m [ . e
e Solution 2: i —
= Assume ‘ T 1
x1(8) = x' ()X, (j) 2 l 2
2
o Then
X1(jw)

Y(w) = 2mx(—00)é(w) + T + 71X, (0)(w)
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Exercise

» Determine the_inverse Fourier transform

= Plot 1: _
JX(Jo)| L EX (jo)
A
—=
> Note:
W o, > different
0 phase
- Plot 2: ¥el® spectrum
4 X (o) L X (o) |
A
- wl2
_ Q >
_0)0 a)O W> a)O ’
—7l2
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Exercise

—& Determine the Fourier transform of the following signals

(x() = e~2tu(e)
s x(t) = e‘z(t_l)u()t)v

o x(t) = e tu(t — 1)

61
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Convolution Property—> RG)=Zp)H)

y(£) = 2(0) * h(D) < Y (j0) = X(j)H(jw)

convolution in time < multiplication in frequency

—

—>» Proof:

rue) = Mdt =[x < ryerora

f+oo [ 1 2@kt - 7) dT] it g

:L x(7) lj+ooil_(L:l)e Jwtdt]d.:

\N‘\—""\-

_ +Oox(r) et Guddd = Bo) [ x@eondr = Hjo) ()
: N
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Convolution Property

e For an LTI system with

= impulse response h(t)
- frequency response H(jw) = [~ h(t) e J@tdt = F{h()}
- eJ®t is eigenfunction associated with eigenvalue H (jw)

x(t) =e/* - y@) = f h(r)e/*tDdr = H(jw)e/**

—_—

e Input x(t) as a linear combination of complex exponentials
Tt) [0

1 1
—%x(t)=2—j X(jw)e!® dw = X(]kw elkwnt ey,

.
k——oo
— t — t
= — W@ @j Y(jwdelotdo

'\_..-—-..

e

k_—oo
> y(©) = lim —— Z X (jkawo) el

o—’O




X1 () = V2/T -

e Triangular pulse:

2 sin(wT /4)

T

J—

(1)

(

A

r T
t+§>_u(t—§)]

_ 8sin*(wT/4)

64
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Frequency Response of LTI Systems

—= Fully characterized by impulse response h(t)
y(t) = x(t) * h(t)

—= Also fully characterized by frequency response H(jw) =
F{h(t)}, if Hjw) is well defined
= BIBO stable system: f Ih(t)ldt <
= other systems: e.g., |dent|ty h(t) =_6(t), differentiator h(t) = §'(t)
e Convolution property impliels 74
= instead of computing x(t) = h(t) in time domain, we can analyze
a system in frequency domain

¥(8) = x(t) * h(t)
U 75/2 t4

YG0) = XGo) - HGw), ) = 30 =

lmneiéﬂum)
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Frequency Response of LTI Systems

—=>Some typical systems: TR
| - YN
~ h(t (H(jd)
id (1) 1
Tt d(t — 1) g~ Iwh
d .
— (j"
= (7) jw
' 1
f u(t) ; + m(w)
sin(w,t
ideal lowpass qm?(w ) U(w + we) — u(w — we)
1
1st order lowpass Le "u(1)
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Examples

——v» Example: Differentiation property

y(©) £ (1) = 20 L5 )

> Y(jw) = X()  F{E'(0)} = jo - X(jo)

) )= | , &
Hyot
—t=> Example. Integration property

t
y© = [ x@r = 20 ute)

= ,iX(ja)) + X (0)6(w)

67
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Example )

e Unit ramp function: uf(t) = u(t) * u(t) = tu(t)

- Convolution property suggests

I 1 2nm ,
Flu,(0)}=U*(w) = z+n5(a))] ——?+_—5(w)+n 5@_3)_61(»)

: Butnd (w)d not well-defined!

= Convolution property not applicable here

= Rule of thumb: applicable when formula is well-defined

L/‘(]MJ)

* Known from the

Flu_o(0) ﬁ@w)) L) SR

%:M(—é) \_‘U/W“
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Example

e Determine the Response of an LTI system with impulse response

h(t) = e~%u(t), to the input x(t) = e Ptu(t), wherea,b >0

—_—

—» Method 1: convolution in time domain y(t) = x(t) * h(t)

—> Method 2: ing thediff i ation with initial rest
condition®'(t) + ay(t) = e ?tu(t) AQ‘M SHt) T Ko=)
v v N '
/
—>Method 3: Fourier transform m‘f‘
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Example

e Determine the Response of an LTI system with impulse response
h(t) = e~ u(t), to the input x(t) = cos(wyt), where a > 0
 Fregquency response:
H(ja)) — ! — a—jw — ! e —Jrarctan(w/a)
a+jo a?+ w? az + w2 —

X
— Method 1: using e;qenfunction property H(~ws,)= tH gwo)

x(t) = ef“)ot +;e‘f“)0t

1 & |
y(6) = 5\H(wg)e o + 7((1 —jwg)e I ®0t = Re{H(jwo)e/ 0" }

———

acosa)t + wosin(wot W
= (@ot) oSin( O) 1/ az+w0 cos[wot—arctan( )]
a? + wg a
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Example

e Determine the Response of an LTI system with impulse response
h(t) = e"%u(t), to the input x(t) = cos(wyt), where a > 0

e Frequency response:

1 a—jw 1 :
— — e —j-arctan(w/a)
a+jow a?+w? g2+ w2

(<_>8fw)

- usin rier transform
. 1 .
—e 19l = X(jw) =M) + 6 (w ¥ wy

Y(jw) = X(jw)H(jw) = TH (j0)8(w = wp) + T (—jw)d(w + wp)
~—_"

1 . 1 .
= y(t) — EH(];Q_)_Q)e]th + EH(—l'a)O)e_ont
Vad —
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Example 14'7 > ﬂﬂ =Y,

L T - > —
"UJC \ U\]c >( \ (]W/
 Ideal lowpass filter with impulse response h(t) to input x(t)
ht) = sm(wct), X (£) = sin(w;t)
it mt

 Fourier transform:
X(jw) =ulw+ w;) —u(w — w;)
Hjw) =ulw+ w,;) —u(w — w,)
e UseY(w) =X(w)H(jw) -
X Ge), e <, C(x@®),  if wpse,
Y(jow) = H(w), ifwg=>w, =y = {\b—@); if wp> e,

* Note: Convelutien-of twosinc() functions is another-sineO-function
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System Connections: Cascade

y=(x=*hy)*xhy, =xx*(hy*hy)=(x*hy)=*hy

HO=h© k0 @O+ mO P O HY

. "h(D)= hwt) %h.tt)
commutative l l
r0 =@ en© xO-H he) Pl o) o
i h(t) |

Note: Order of processing usually not important for LTI systems
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System Connections: Cascade

Y=(X H) -Hy=X-(H;-Hy) = (X-Hy) H

Hjw) = Hi(jo)H,(jo) x(O— Hi(jo) P H(w) (@

\ . :
E H(jw) :
commutative

H(jw) = M)w) x(t) = H,(jw) > Hi(jw) —>y(t)

Note: Order of processing usually not important for LTI systems
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System Connections: Parallel

—+=>Time domain R e EEEE P EEEEE
— i

h(t) = hy () + ha(t)  x(t)—— }w(t)
1 h(D) |

 Frequency domain

— H(jw) i
H(jw) = Hi(jw) + Hy(jw) x(t) —— }'}’(t)
—1 H(jw) :
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System Connections: Feedback

__+= Time domain — T T
@ x(t) i >(_+f >  hy(t) ]—i* y(t)

h(t) = 120

— e (8]

—2 Frequency donain -
YA = LY o -T 1Y) Ty(t)
H_Z_ H1 i Hz(](i)) i
"X 1+HH N H(jw)
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Filtering <

e changes relative amplitudes of frequency components, or eliminates

_some fregqueney-compaonents entirely
. LPS L | 1)
7 . _ 1) |w| S wC
«— stopband ~ pasuba”d*«;“‘“‘ ‘ H(jw) = {0, lw| > w,
— Wy~ — /W W
H(jw) = 1, |w|=ow,
@Hﬂ- +— P —> @)= 0, |w|<wc
— W, W¢ =w
q;BPS. N
H(jw) 1, wq<|o|l<w
> — = ] . — ) cl c2
S < > ? (o) {O, otherwise
—Wey —Weq W1 Wez | @

>
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ldeal Zero Phase LPF €—

* ldeal lowpass filter (unit magnitude, zero phase)

_ sin(wgt) . L, ol < w
- h\(i)/_—\_mt__ - HUw) = {0, otherwise

/\('L)er,——tdn "::7 N oh CaMCO/(

* w.: cutoff frequency

W H(jw)
\_{>
1
< > K >J:< =
‘w 0 W w
<«— stopband —«— passband —>|<— stopband —

/8
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Simple RC Lowpass Filter

: : : + V(1) _
e Differential Equation > — F—
dv,.(t)
—+> RC C;t +vc(t)=vs(t) R
- = ———— |+
50 1] c == vel)

e Input v, (t), output v, (t)

—=> Taking Fourier transform
joRC V. (jo) + V.(jw) = V;(jw)

» Frequency response: %
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Simple RC Lowpass Filter

Frequency response

1
H(jw) =
Vo) = T Rejw
1
|H(jjw)| =
J1+ (RCw)?

arg H(jw) = —arctan(RCw)

Impulse response (O 90‘/
1
h(t) = —e /RCu(t)
~ __RC ———

Nonideal lowpass filter
= passes lower frequencies
= attenuates higher frequencies

Larger RC = passes smaller range of lower frequencies
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ldeal Linear Phase LPF 4—

* ldeal lowpass filter (unit magnitude, linear phase)

—jwt
H(]a)) — {e °, |wl = We

0, otherwise
_ 7} - H(jw)
|H W)l _(‘)CtO
1
_(I‘)c ' Wc i
—We 0 , wfl | ,’,( ‘(/u ) —wcto - | . |
wl < w N —wt wl < w

[H{jw)| {O, lw| > w,” ) 0, otherwise

| 2.,

L
° Y(jw) = i:_; ;XLP (w yi&) =¥p(t — tg)
s Linea simply ashiftinti no distortion

= Nonlinear phase < distortion in addition to-time shift

81
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) !/\) : LI Y |
P Hilpu)gw vz | 05

* Frequency response of an LTI system is

Jw <
——F H(jw) = {37’ lw| < 3m
0, otherwise

e Considered as a cascade of an LPF and a differentiator
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M ation erty<t—  modknlotion

e Dual of convolution property:

—

Fol _ _
x(0) -y () e@p((]w) £ Y (jw)]

multiplication in time < convolution in frequency

—> Proof: let Z(jw) = %fj;oX(ie)Y(j(w —0))do

FZ(0)) = 5 f: [% j_fxuew(f(w - 9))d9] e/t da

_ 1 r+ooX 0 . +OOY' 0))e/“tdw|d6
=5 | X6 |5 YO -opeiido
1 (*®

= X(j8)y(t)el®tdo = x(£)y (o)
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Example

e Define a signal as
sin(t) - sin(t/2
b (= S S/

where, | 7
Xy (t) — @

t

* Fourier transfor
1
aﬂﬁ@hZXQQQ

£ w0 (0% ()

84
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| Xg(j{.d)
I w
2 2
X(jw)
1/2
N
w



YHERAAE

SHANGHAI JIAO TONG UNIVERSITY I

Example: Modulation

Baseband signal: x(t)

—

carrier:

| 2 Y (w) E—

p(t) = cos(w,t) = @( wct))

85

P(jw) = né(w —@ + 6 (w -I@) - YPUM)
t

e Modulated signal:

y(t) = x(t)p(t)

Jw) =5
,( )?;)*R]w%

—w 0
RO
o1 Fw
—We — W] —We + W We — W We + W

X(](a)—a)c))+%X(]'(w+a)c))/}—\< A2}
o R
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Example: Demodulation

- Modulated signal: -We ¢
y(£) = x(O)p(D) A~ ]
- Carrier: o ’
p(t) = cos(w,t)
« Demodulated signal: ";
z(t) = y(Op) .

2(6) = 5 ¥ (j(@ ~ 00) +5 ¥ (@ + 0,))

:lx(]w)+1[X(](w—2wc))+X(] w a)c))] \N»(f)/\t’_

R(jw) = Z(]w)Hlowpass (jw) /—PG‘ 2y
SEEEEEE EEEEEE IpraSS filter
x(t) = 1(¢) A/ Y . Y
T I T,

—2w, W —w; 0 wh w 2w, W
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ldeal AM Communication System

« Amplitude modulation 12
baseband signal mixer transmitted signal

—- 0 @ &
transmitte cos(w,t)

local oscillator

received W W w demodulated
signal signal

: mixer H(jw)
?:;)\ X = xN—
b? z(1)

cos(wet)
local oscillator recelver
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LCCDEs

* Determine the frequency response of an LTI system described by

let

N
N, H(o)(jw)*el®t =
;k
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LCCDEs

 Method 2: taking the Fourier transform of both sides

N k k
e Y20l zbkdxcw

ko dtk

k=0

e By linearity and differentiation in time property

N M
—I> Z ar (o) Y (jw) = Z b (jw)*X (jw)
k=0 k=0

—> - _Y(iw>_"
H(jw) = XGw) wk

* Hjw) isa raw of (jw), i.e., ratio of polynomials
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Example ™D H(W/j ,D’V =4t VERE

— > {y”(t) +@y”(t) -I—@y(t) |x (t) 4@’6(’5)

e Frequency response

109) 7 Gw)? ¥aGe) 13
= Using partial fraction expansion
ek N\ A\ =
P H{w) _Qa) +D(ow+B) W
—b o Letv = jw
1
A= @EDH® | =54, = 0+ DHW)| =3

o find impulse response

= Taking inverse Fourier tr f
1
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Example
y" (@) +4y"(t) +3y(t) = x'(t) + 2x(t)

» Determine zero-state response to x(t) = e~ 1;(t) jw'-H
N yres N jow + 2 1 Agq Aip A
Yiw) = Hy@)X(e) =7 T D(w+3) o+l jo+l Go+D? jo+3

Ne—— —_—
= Using @Fual fraction expansion, letv = jw
1 d d v+ 2 1
A= 1 ZY = = —
A= G VT DTYWI =5 [v n 3] veo1 &
= (v +1)2 =5, Ay = =2
- p=—1 22 = y=—3 —4

= Taking inverse Fourier transform to find output

y(t) = (1 4 1 t—le >u(t)
4-/\ \’2-’ g —
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